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Abstract 



In this paper we demonstrate the chaotic nature of certain special arithmetic 
quantum dynamical systems, using machinery from analytic number theory. 

Consider the quantized geodesic flow on a flnite- volume hyperbolic surface r\^, 
with r C SL2R consisting of the norm-1 units of an Eichler order in an indefinite 
quaternion algebra B over Q. Such T generalize the congruence subgroups of SL2Z 
and are co-compact whenever B is ramified. For F = SL2Z, we prove that high en- 
ergy bound eigenstates obey the Random Wave conjecture of Berry/Hejhal for third 
moments. In fact we show that the third moment of a wave's amplitude distribution 
decays as £'"12 in the high energy limit. In the more general case of maximal orders, 
we reduce an optimal quantitative version of the Quantum Unique Ergodicity conjec- 
ture of Rudnick-Sarnak to the Lindelof Hypothesis, itself a consequence of the Rie- 
mann Hypothesis, for particular families of automorphic L-functions. Furthermore, 
our analysis shows that any lowering of the exponent in the Phragmen-Lindelof con- 
vexity bound implies QUE. In the moment problem as well, a decisive role is played 
by 'breaking convexity.' That is to say, the boundaries of non-trivial exponents pre- 
cisely agree when translated between physical and arithmetical formulations, for both 
of these problems. 

We accomplish this translation by proving identities expressing triple-correlation 
integrals of eigenforms in terms of central values of the corresponding Rankin triple- 
product L-functions. Very general forms of such identities were proved by Harris- 
Kudla, and certain (more explicit) classical versions of these were given by Gross- 
Kudla and Bocherer-Schulze-Pillot, for definite quaternion algebras. In using the 
Harris-Kudla method to prove our own classical identities, we have to solve two main 
problems. 

The first problem is to explicitly compute the adjoint of Shimizu's theta lift, which 
realizes the Jacquet-Langlands correspondence by transferring automorphic forms 
from GL2 to GO{B), the latter being nearly the same as B^ xB^ . As is well known, 
theta liftings from metaplectic to orthogonal groups are generally more difficult to 
characterize than lifts in the opposite direction, which can be evaluated directly in 
terms of Whittaker functions. Since B^ and hence GO{B) have 'multiplicity-one' — 
as Jacquet-Langlands proved with the trace-formula — we are able to determine the 
adjoint of Shimizu's lift by duality, from explicit knowledge of Shimizu's lift itself. 
It is, however, necessary to generalize Shimizu's original calculations, since he only 
considered averages of lifts over isotypic bases of forms, which allowed him to employ 
Godement's theory of spherical functions. In order to deal with individual ramified 
forms, we replace this argument by explicit calculations involving Hecke operators. 
Thus we determine the Shimizu lifts of oldforms and newforms of square-free level, 
with (possibly imprimitive) neben-characters. 

As a byproduct of these calculations, we obtain explicit formulas for all relevant 
GL2 Whittaker functions. These play an important role in our second main problem: 
evaluation of Garrett/Piatetski-Shapiro-Rallis local zeta integrals in terms of the 
standard functorial triple-product L-factors. Our contribution lies in the calculation 
of archimedean zeta integrals with various types of ramification. In all of these ram- 
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ified cases, the canonical choices of local data for theta hfting are apparently useful 
only for evaluating central values of the associated zeta integrals. This was observed 
by Gross-Kudla in the non-archimedean case, and it appears to be a significant un- 
explained feature of the Harris-Kudla method. Finally, we re-prove (by elementary 
brute-force computation) the important result of Piatetski-Shapiro-Rallis on unram- 
ified non-archimedean zeta integrals, in anticipation of future generalizations to the 
many ramified non-archimedean cases. 
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Chapter 1 

Automorphic Forms 



1.1 Orders and Units of Quaternion Algebras 



Let S be a quaternion algebra over Q. Then — B ®q is a quaternion algebra 
over Q^, for each place f of Q. B is called ramified at v if B^ is a division algebra. We 
will always assume that B is unramified at oo, i.e. B is indefinite. Then the reduced 
discriminant ds of B over Q equals the product of the finite even number of finite 
places p where B is ramified. The 2x2 matrix algebra M = M2 over Q is totally 
unramified, and hence du — 1- We denote by the unique division quaternion 
algebra over Q^, while M„ is the unique split (i.e. non-division) quaternion algebra. 

an "12 



We will frequently use the coordinate functions on a = e My, and 

also the notation [Xjj] = {a E My ; a^j G X^j C Q,;}. 

Write the canonical anti- involution l oi B or B^ as a ^ a\ noting its compatibility 
with field extensions, and define the reduced trace and norm by t(q;) — a-\- a'' and 
^{a) — aa''. On M and My, l is given explicitly as 



a b 




' d -b' 


c d 




—c a 



so r and u correspond to the usual trace and determinant. 

Dp has the valuation ordp o u, and its valuation ring Rp is also the unique maximal 
order of Dp. Choose a uniformizer zup ; all bilateral Rp ideals in Dp are principal and 
of the form vOpRp — Rp'^p, n e Z. 

Every maximal order of Mp is conjugate to M2(Zp). We will be interested in those 



of the form 



p- 



P" 



M2{Zp) 



p" 



for n e Z, although 



^p 

P^ljp U^p 

the set of all maximal orders is larger, having the structure of a 1) -homogeneous 
tree for a natural notion of adjacency. It is a theorem of Hijikata that every Eichler 



order, an intersection of two maximal orders, is conjugate to 



p"Z„ Z 



n > 0. All Eichler orders containing the previous one are of the form 



p 
Zp 
p"Zp 



for some 

Zn 



P 



z. 
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for < h < n < n. 

Orders O of B exist and have the property that Op := O ®i Ip is a maximal 
order in Bp for almost all p. Furthermore, for any other order O' of -B, O'p = Op for 
almost all p. Conversely, given a choice over all p of local orders {Op) which satisfies 
Op = Op for a. a. p, then := {a e S ; e Op Vp} is an order in B with p-adic 
completions O^ = Op. 

The adele ring B^ is defined as the restricted direct product of all B^ relative to 
Cfin := Yip ^"^Y order O oi B, and the idele group B^ as the restricted direct 

product of all B^ relative to O^^. B is contained diagonally in i?A, and we will write 
B = Bq C -Ba to emphasize this inculsion. By the previous paragraph, orders of B 
correspond 1-1 with compact open subgroups of Bf^^. 

Maximal orders in B are characterized as orders O s.t. every Op is maximal. 
Choose a maximal order for each B, denoted 0{dB)- Throughout the rest of the 
paper, for p f we will identify Bp with Mp in such a way that Op^ds) = M2(Zp). 
Furthermore, in the case (is = 1 we identify B with M, and so 0{1) = M2(Zi). 

Now for N,N E Q"*" relatively prime to ds and s.t. N = NN G Z, we define the 
order 0{dB, N) of B by 

if p I ds, 
if pf d-B- 

Then 0{dB, N, N~^) is a maximal order, and 

0{dB, N) = 0{dB, N, N-') n 0{dB, N~\ N) 

is an Eichler order. It has reduced discriminant dBN and is called of level A^. Using 
strong approximation and Hijikata's result, it is easy to show that any Eichler order 
of level in is conjugate to 0{dB, {1, N)). Note that the only Eichler orders 
containing 0{dB, N) are the 0{dB, N') s.t. N' \ N and N' \ N. 

Throughout the rest of the paper, for any X possessing a character u, we will use 
the notations 

X(") = {/?eX,;z/(/5)=a}, 

Xi^^ = {(3eX,;u{f3)eA}, 

^"-oo ^"-oo ? ^^p ^^p 

1.2 Automorphic Forms on Quaternion Groups 

In this section, fix O = 0{dB,N)- Strong approximation for O^^^ is proved in [26]: 
B^ = B^B^O^^^ since B is indefinite and z/((9g^) = Z^^. Because of this, and since 



Op{dB,N) 



Rp 

Zp NZp 
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C^^) — BqC] S+ Ogjj, there are homeomorphisms 

Given a primitive Dirichlet character x mod N^, factor x = IlpXp extend its 
domain to Zg^^ by means of the Chinese remainder theorem, 

Using strong approximation, = Q^R+Zg^^ , we define the grossen-character x by 

Xiqrz) = Note that Xoo(-l) = x(-l) and XpiP^p) = x{p) if P t N^- 

Since O has level A^, the map : — > Zp/NZp defined by rp{(3) = for 

p \ (Ib , is a ring homomorphism, and hence so is r : Oa^ Z/A^Z, r{f3) = {rp{f3p))p\]sf. 

This permits us, for \ N, to define x ^iid x on by composition with r. 

(Note = ^P) for /? e C»\) Since x is well-defined on Q^^ n O^^ = Z^„, it 

extends to a character of Qfin^fin- 

As usual, — GL2(R) acts on C \ R by linear fractional transformations. 



^ for/? = 



a b 
c d 



preserving the metric ds"^ = {dx^ + dy"^) / y"^ . Furthermore, 5+ acts on weight-A; Maass 



forms (A; e Z) on i3 = R + iR+ by ^ ^ -011 



— * 

Consider the space Ak{dB, N, x) of smooth weight-/c Maass forms on which have 
moderate growth and satisfy the automorphy condition 

V'L=X(7)V' for 7eO«(d5,A^). 

Since —1 G 0^^\ such ijj must vanish identically unless x(— 1) = (—1)'^, so we assume 
this from now on. Let Ck{dB, N,x) C Ak{dB,N,x) denote the cuspidal subspace, 
equipped with the Petersson inner-product 



In the adelic setting, we define L'^{Bq\B^,x) as usual to consist of automorphic 
functions with central character x, 

^i^zP) = xiz) ^iP) for 7 e , ^ e A^ 
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and finite norm under the inner-product 

The Tamagawa measure d^(3 is defined in §2.1.2[ Note that these two inner-products 
are normahzed differently. We denote the right regular action of a G as 

a\^{P) = ^iPa) for v[/ e L\B^\B^,x), 

and define Lq{B^\B^,x) as the closed invariant subspace of cuspidal 
Now let 



|S0(2,M) iiv = oo, 



cos 6 sin 6 
— sin 6 cos 6 



and extend Xoo (dependent on k) to M+fCoo from by setting 
Xooirne) = e'''^ for Kg 

— oil. 

We define Ck{dB, N, x) to consist of all smooth \l/ G LI{Bq\B^ , x) satisfying 

= Xvi^-v) ^ for G Ky{dB, N). 

(Note this is consistent with the inclusion of the center C BqM.'^O^^.) Then we 
have an isomorphism Ck{dB, N, x) ~^ Ck{dB, N, x); given by 

^(7/3i«^fin) =X('tfin)V^|J+(i). 

If 0{dB,N') D 0{dB,N) and A^^ | A^', there is an inclusion 

Ck{dB,N',x)-^Ck{dB,N,x)- 

Any form in the image of such a map with pN' \ N is called p-old, as are linear 
combinations of such forms, and any form orthogonal to all p-old forms is called 
p-new. Likewise at the archimedean place, we have raising and lowering operators. 



: CkidB, N, x) Ck±2idB, N, x) 



A weight-/c form is called oo-old ii if) = Rf^2'^' ^ O5 00-new if it 

is orthogonal to all oo-old forms. Since -R^:^2 adjoints, ijj is 00-new iff 

R"^ ip = for ±k > 0, and this is equivalent to y~^~^ ip{z) being a holomorphic/ 
anti-holomorphic function of z. All forms with k = are oo-old. 
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For the rest of this paper we assume that N is square-free, and factoring it into 

N = N^N^m, we define Skids, N, X, N^) C Ck{dB,N,x) as the subspace of forms 
which are p-old for p | A^'', p-new for p \ N'^, and oo-new if \k\ > 0. We will also 
assume that \k\ ^ 1. 



1.3 Hecke Operators 



In this section, iixO — 0{dB,N) and x primitive with conductor A^^ | iV, and assume 
that N = N'^N^m is square-free. For p \ N'^N^, set 

= 0,{dB, {N, f )), = 0,{dB, (f , N)). 

1.3.1 Double Cosets 

For a e Bp , define the double coset Tp{a) = a O^. If p \ ds, every Tp{a) is equal 
to some Tpizu"^) = zu'^R^ = R^w"^ for n G Z, and Tpiw"") C Cp iff n > 0. Now for 
p\dB and a G (Qp define 



Tp(a) 



Since all a e and a^j 



N 



N 



Rp{d) 



normalize , 



Tp{a) = aO; = 0;a, Rp{N) = a^O; = O^a^. 

If p f dsN, every Tp(a) is equal to Tp{p"') for some n > n (set n — n — n), and 
Tp{p^) C iff ri > 0. Given a e , the parameters h, h are determined by 



aep^{Op\pOp), 



Furthermore, we have the following left coset partition: (For right cosets, apply l ; for 

— * 

lower triangular representatives, conjugate by Rp{N).) 



p 



m+h 



Nxp^ 



P 



n—m+h 



Tpip') = U U 

m=0 X modp'" 
p\x if 0<m< 

We prove both well-known assertions of the previous paragraph at the same time. 
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Note that Tp{p'^) contains the above union of left cosets, and they are disjoint since 

-1 



m+h 



p 



Nxp"' 

n—m+n 



P 



m+h 



p 



Nx'p^ 

p—m'+n 



P" 



N{x'p — xp ™') 

pin—m' 



unless m = m', X = x' mod p™. Now it suffices to show that the union of these left 
cosets over all n > n > has additive volume (see §2.1.2p equal to that of Op fl B. 
since for any a e OpH , vol(aCp )/vol(Op ) = \a\Bp = |i^(a)|p > 0. Finally, 



X 

p ' 













U 




z; 



pZp NpZp 



U 



pZp NpZ. 
NpZp 



•p 
Z"" 



p J 



Nz; 



u . . . u 



u . . . u 



pZp NpZp 
NpZp pZp 



so 



voi(o;) = 1 



p 



1 p-i 



p 
and 



3 p-l 



Cp(l)Cp(2) = vol(0,)/vol(0;) > voliOp n i?;)/voi(o;) 



n>n>0 



\ n>0 / h>0 



p 



-in 



p 



-2 



1 -p-iy (1 -p-^) 



Cp(l)Cp(2). 



If p I A^, every Tp(a) (with a G B^) is equal to either Tpijf-) or Rp{p^N) for some 
ri, n G Z, and Tp{a) (Z Op iS h,h > 0. We distinguish among these as follows: First, 
m = min{n, ri} satisfies a G p"^{Op \ pOp). Now determine the type of double coset 
and sign of n = n — n using the partition 



Op\pOp 



pZp NZp 
NZ„ 



T,0 



z; 



u 



NZr, 



NZ. 



•p 
Z^ 



u 



T- 

Z^ NZ. 
NZp pZ. 



p 



p J 



u 



-R, 



U 



pZp NpZp 
pZp 



NZ; 



U 



i?,0 

pZp NZ':; 

pZp 



NZ; 



U 



pZp NZ; 
NpZp pZp 
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The remaining parameter max{ri, n} is recovered from 



f'+^'z; if a GTp(/), 



if a e Rpip^'N). 



These Tp{a), taking a diagonal or anti-diagonal, have left coset representatives as 

— * 

follows: (For right cosets, apply u and conjugate by Rp{N).) 



X modpl"! 





1 Nx 




1 


< 






1 




Nx 1 



a if n > 0, 



a if n < 0. 



As in the case p f dsN, we prove all of these claims together by showing that the 
left cosets above (with h,h > 0) completely partition Op fl . The double cosets 
listed above are disjoint for unequal types/parameters by the preceding characteriza- 
tion, and the left cosets axOp listed within the same double coset are disjoint, since 
ax' ^ Op unless x = x' mod p'"'. 



Finally, O^ 



NZp 

NZp 



has vol(Op^) = p-\l-p-^f, and 



Cp{i)' = voi(o,)/voi(o;) > voi(o, n s;)/voi(o;) 

\—h—2h—2h 



n>0 n>ri>0 

n>0 n>n>0 

\ n>0 / ri>0 



-2n-2n-2 



-4ri 



In the subcase p \ N'^N^, we write double cosets of Op, Op as Tp(a),Tp{a). It is 
easy to check by the disjointness/ volume argument that 



Tp{l)^Tp{l)URp{N,f), 
fp(l)^Tp(l)URp{f,N). 
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1.3.2 Non- Archimedean Operators 

The space S{Bp) of C- valued Schwarz functions on forms an algebra under con- 
volution (using the measure dpP defined in §2.1.2p . 



and it acts on Lq{B^\B'^,x) via the right regular representation, 

0,|vi/:= / p\mct>pmd;(3. 

Now we will define and study the subquotient algebras = Tip, Hp, H^, 7i^, in the 

respective cases p\ N, p \ N^, p \ N'^, p \ N^, acting on Skids, N, x, N^)- 

For any p, define Hp to be the subalgebra of S{Bp) generated by the functions 

We abuse notation by writing Tp{a) in place of 4>Tp{a)- For a G , let 

^i"^ ■= Zlagc)X^0W/(^x Tp{a) G Hp. 

If p f A^^, Hp acts on Skids, N, X) non-trivially. The element 

Tpiay := Tp{a-') G Hp 
acts as the adjoint of Tp{a), and Tp{p) acts as the scalar x{p)- 

lipids then Hp ~ C(Tp{zUp)) and = r^^^^P^^ if n > 0, 
' ^ V pv p;; P I Q if n < 0. 

If p f dsN, it is well known (see [361) ^^^^ '^p — ^ [^piP^ ^)^Tp(p),Tp{p)~^~\ , 

n+n=n 
n>ri>0 

oo 

^p[[^]] 3 E^r^" = (^p(i) - ^p(P' 1)^ + p7;(p)x2)- 



ip = yip{L) - ipyp, -rpip{P)y\ 

n=Q 

For p I A^, we begin by computing the multiplication rules in Hp : 

Tp{ar = Tp{d^) for n>0, Rp{Nf = Tp{p), 

Tp (a) Tp (p) = Tp{ap) = Tp (p) Tp{a), 
Tp{a) Rp{N) = Rp{dN) = Rp{N) Tp{d, d). 
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T,{p, 1) Tp{l,p) =pT,ip) + (p - 1) T,{p, 1) R,{N), 
Tp{l,p) Tp{p, 1) =pTp{p) + {p-l) Tp{l,p) R^iN). 

Also, 

?i+n=n l+n+n=n 
n,h>0 h,n>0 

Now define Ti^ as the centralizer of Rp{N) in Hp. Shimizu proved in [53] 
(see also ^28j|) that Tip is a maximal commutative subalgebra of Tip, that it contains 



all Tp , and that 



Tp{l)+pRp{N)X 



^ ' Tp{l)-T^^X + pRp{N)X+pTp{p)X^' 



n=0 



To define 7-^^, we first note that 



and compute the relations 

Tp{l,p)fp{l) = ^^{Tp{l,p) + Rp{N)) =fp{l)Tp{l,p), 
Tp{p, 1) = ^(T,(p, 1) + /?,(iV)) = fp{l) Tpip, 1). 

If p I iV'', the elements Tp{l), Tp(l) of Tip annihilate Sk{dB, N,x, N'^), while Tp(l,p), 
Tp(p, 1) are invertible, as we will see in §1.4[ Such a representation of Hp factors 
through the quotient 

Hl:=Hp/{Tpil,p) + Rp{N)) 

= Hp/{Tpip,l) + RpiN))c^C{RliN)), 

^ \ ifn<0, ^ 

Now suppose p I N^. For /5 G -Bp , 6 = det m G {1, 2}, m' = 3 — m, we define 
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These cases were treated somewhat differently by Miyake in [201 EZj- It is straight- 
forward to check, using the partition in §1.3.H that 



Any function 0^ G S{Bp) satisfying this transformation property and supported on 
a double-coset Tp{a) G Hp is determined by it's value 4>^{P) on any /5 G Tp{a). By 
taking (3 to be diagonal or anti-diagonal and considering the left and right actions 
of diagonal n G Op , we see that in the diagonal case, m ^ m =^ (p^ = 0, and in 
the anti-diagonal case, rh = m =^ (p^ = 0. Thus, any such (p^ is proportional to 
the corresponding (f)^"^^-^ listed above. These functions are normalized so that their 
values are multiplicative, 

for diagonal or anti-diagonal aj G , whenever neither side vanishes. Now it follows 
from convolving supports in Tip that the (p^ convolve as 



Hia) * 


^tAp) 


- 'Ptasp) - ' 


,Xm,m 
^TAp) *^ 


iXm,m 
^Tp{d) ' 


iXm,m 






AXm,m' ^ 
^Rp(N) 


iXm' ,m' 
^TAd,d) 


Xm,m 

tApA) * ' 


^rp(l,p) 


— •nrh^"'''^ — 

-P'PtAp) -• 


I V m,,m 
^TAi,p) * 


iXm,m 

^tAp,i) 



Define Ti^ to be the C-algebra of finite linear combinations of the functions 



Also define 



so n^c^C{T^{pA),T^il,p)). 



All of the functions (p^ satisfy (p^{zP) = Xpi^) 'P^i.P) foi' -2 £ ? and hence act non- 
trivially on Ll{B^\Bl,x)- 
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Given r)^ e Upimi^/'^'^), define 



*''' = (np|^xi?^W^')* and 
which consists of ^' e Ll{Bq\B^,x) satisfying 

plus the usual f^t, condition for v \ N^. The action of T^{a) G Ti^ stabilizes each 

{ds, N , x) and is adjoint to the action of T^{ay := T^{ar^), while T^{p) acts as 
the identity. 

1.3.3 Archimedean Operators 

Let TC^ denote the semigroup generated by alone, 

" 1 



-1 



eBl 



It is easy to check that these commute and 

T^:Cf{dB,N,x)^Cf{dB,N,x), 
T-:Cf{dB,N,x)^Cf,{dB,N,x). 

For 77 e n.(^/2Z), = (^p)plivx, define 
Now consider the C-valued coordinates, 



X{P) = |(a + d) + |(6-c), 
y(/3) = |(a-d) + |(6 + c). 



/3 



a b 
c d 



e Boo, 



in which we write the (2, 2)-form i/ and a positive-definite majorant P, 



tr(/3/3') = XX - yy 



ad — be, 



itr(/3/3*) = XX + yy = + 6^ + + d^). 
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re 



t/2 



re 



It is straightforward to compute, writing 5+ 3 (3 = Kq 

X{P) = e'(+'^+^') r cosh |, z/(/5) = r^, 
Y{/3) = e'^-^+^^ r sinh |, P(/5) = r^ cosh t. 

Now define ^1,41 ^ 5(M+\i?i) by 

'^xll/^) = ^ (X(/5)/K/3)^)"e(zeP(/5)/K/3)), 
= ^ (cosh|)l''le(i^cosht), 



-V2 



/t^/j , t licit 





if A; > 0, 


1 


if A; = 0, 




if A; < 0. 



(sinh|)l'=le(i^cosht), 
These give rise to Hecke operators again commuting with 

T^:^:Cf{ds,N,x)^C:idn,N,x), 



/?|vl/0j;«(/?)O, 



if * = X, 

1 if * = F. 



1.4 Automorphic Representations 

Given \I> G Sk{dB,N,x,N^), define vr C LI{Bq\B^,x) as the subspace of Kf^{dB)- 
finite vectors in the closure of the span of /? G -8^}- This is the cuspidal 

automorphic representation of attached to If vr is irreducible, then vr = ®t;Vr„ 
and \Ef = ^v'^v factor as restricted tensor products over all places v, relative to a 
choice of spherical unit vectors at almost all places. In this section, we recall 
the classification of pre-unitary irreducible admissible representations of B^ having 
square- free conductor (TTJ EJ S] , and explicitly compute the actions of Hecke operators 
on these models. As a consequence, we have 

Lemma 1. The eigenforms in Skids, N,x, N^) ofTi* comprise an orthogonal basis, 
and their tuples of eigenvalues have multiplicity one. The corresponding automorphic 
representations are each shared by 2*^^'^ J' basis elements, and these have the same 
eigenvalues for all v \ . 

Proof This follows from multiplicity-one for automorphic representations of B^ 
(proved by Jacquet-Langlands using the trace-formula) and Casselman's theorem, 
plus the local calculations below for p \ N^. □ 



For p\ dsN, Hp is equivalent to the unramified continuous series 7r(| |p'', | \p'') with 
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central character Xp- Since vr^ is pre-unitary, either 



-Sp - logp(x(p)) e «/j^Z, or 



Sp Sp 



ap + itp , with 



a,G(0,i), t^Gflogp(x(p)) + idWZ/ 



27r 

ig(p)'"/ log{p) 



Z. 



Casselman's theorem imphes that the right (9^ -invariant vector ^p is unique up to 
scahng in TTp, and hence corresponds to G 7r(| Ip*", | Ip*") of the form 



a * 
a 



K 



for «:G0;. 



In terms of the parameters, \l/p has Tp(p, 1) eigenvalue Ap = [p + p and 
eigenvalue x{p) = p^'^''^'^'', and hence by the analysis in §1.3.2[ T^^ ^ eigenvalue 

Ap. = (p-"^'' + + ■ ■ ■ + p-"'") 

'p-("+l)sp _ 



p- 



p-Sp _ 



If p I A^'', TTp is again equivalent to an unramified continuous series, exactly as 
above. However by Casselman's theorem, the subspace of right (9^ -invariant vectors 
is spanned by a right (9^ -invariant vector and a right -invariant vector V^, 
each unique up to scaling. We relate their normalizations by defining 



p 



p 



= RpiN) v;°. 



=^ X{p) = Tp{p) \/° = Rp{N) 
Using coset representatives, we see that 



Tp{p,l)V; = Xpt'-K 



p ' 



Tp{p,l)V;^=px{p)Vp'. 

We have now determined the actions of Rp{N) and Tp{p, 1), and hence also 

Tp{l,p) = Rp{N)-'Tp{p,l)Rp{N), 
TW=Tp(p,l)+Tp(l,p) + i?p(iV). 
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With respect to the basis 



K px{p) 
-1 



these operators are represented by the matrices 
Tp{l,p)^ 



K px{p) 
p K 



RpiN) 



-x{p) 
p K 

x{p) 

1 



The latter two are normal and commute, and so have orthogonal eigenvectors 



Vp . Vp -\- Cp Vp 



4 = X{P): 



Tl'^ Vp = {\p +pep)Vl, Rp{N) V'p = Bp V'p. 
Then by the considerations of §1.3.2[ 

Tf^V'p={\p.+pep\.-.)Vl. 

The idempotents Tp(l), Tp(l) act as orthogonal projectors to Cl^°, CV^'', and using 
the above calculations we see that Tp(l) Vp = Vp, so 



Vp) = ^1= Xip) {Vp\ Vp'), {Vi, V^) = 2(1 + 
For p I A^", Hp is equivalent to the special representation cr(| , \ \p^), where 



Sp Sp 2 ~l~ i^p ) 



tpG^iog + 



2tt 

^og{p)'^' log(p) 



Z. 



This is an irreducible invariant subspace of Ind^^'d \p'', \ \p''), consisting of Vp s.t. 



1 

X 1 



dx = 0. 



For an -invariant vector V^, this is equivalent to 



and so for k G Op , 



\N\pV^il) + \N\pV^^ 



V^ 

p 



V^ 
p 



( 


a 


* 
a 








* 


a 






( 






■) 




a 









a \p 

aN 



dN 



vHi] 



Casselman's theorem implies that corresponds to V^ of this form, and thus has 
Rp{N) eigenvalue Ep = — p"'*^, Tp{p) eigenvalue Ep = x{p)i both Tp{p, 1) and Tp{l,p) 
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eigenvalues —Sp. (Note Tp(l,p) = Rp{N) ^ Tp{p, 1) Rp{N).^ Thus by the calculations 
of ^1X21 has Tp^"^ eigenvalues Xf^ 



For p I A^^, TTp is equivalent to the pre- unitary continuous series n{x: 



litp I i-i 
p\\p 5 I \p 



with tp G J^/ iog(p) ^) the new vector V^*^ has the form, for k E O, 



X 



P 



yx 

p 



a * 
a 

* a 
a 



K 



Therefore ^Pp has T^{p'^, 1) eigenvalues p2"~™*p, all T^{p^) eigenvalues 1, and hence 
r^(l,p"') eigenvalues pt+™*p. 

For p I c/b, TTp is an irreducible representation of Dp , trivial on , with unramified 
central character Xp- It is easy to see from this that vTp is one-dimensional and given by 
the character \i^{-)\p'', with tp G f logp{x{p)) + i^^^/ Ei^^ • "^^^t be a multiple 

of this character, and so has Tp eigenvalues Xp = p~™^p. The representation 
TTp'" of GL2(Qp) associated to Hp by Jacquet-Langlands is the special representation 

c'U lp 5 lb )■ 

For f = cxD and k = 0, we have Xoo = 1, and tToo is equivalent to the pre-unitary 



continuous series 7r(sgn' 



I loo ) ^S'-'- 



). corresponding to \E'oo has the form. 



V 



a * 
a 



3gn^°°(|) 



1. 

a \ 2^ 



for K e SO (2, 



Thus ^'oo has eigenvalue (—1)^°°, eigenvalue Ac 
eigenvalues 



si) > 0, and 



A 



0,5 

oo 




2lT 



^ exp(— 7r,^(y^ + a;^ + l)y "^dxdydO 



/ e^v{-<i3J + y'^))y'°^'^dy 



We are not considering \k\ = 1, but we mention that in this case tToo is equivalent 



to the continuous series 7r(sgn 



l+<5, 



sgn 



If \k\ > 2, TToo is equivalent to the discrete series cT(sgn 



|fc|-i 



\^oc ^oo I TOT 

loo ' I loo / 



. Upon restriction to SL2(M), this representation decomposes as the direct 
sum of the weight- |/c| holomorphic and anti-holomorphic discrete series, and the vec- 
tor corresponding to \E'oo is a lowest-weight vector in either the first or second of 
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these, depending on whether k > or k < 0. Thus has the form, 

yk 



a * 
a 



XooM|i|2V^(l) for /cGS0(2,M), 



and has eigenvalue A^o = while T-V^^ = V^K We define 



Our calculation is similar to that for k = 0, but we now use the mean value and 
conformal mapping properties of harmonic functions. These eigenvalues can also be 
computed by application of Selberg's lemma on invariant integral operators. 




R+ Jo 



2lT 



y dxdy dO 



/ / 2 (^-2^)- exp(-27r^coshdist(i,z))?/ ^dxd?/ 




2e^^[-T,ny^±^]]y~'dxdy 




R+ Jo 



27r 



1 / y—l~ix 



exp -TT^ 



1/ 



y ^ dxdy dO 



= 11 2(^ip)-exp(-2<coshdist(i,z))?/"^c/xciy = 0. 

1.5 Whittaker Models 

In this section, we restrict our attention to = GL2 = G (i.e. ds = 1) and 
0(1, (1,M)), M square-free. Let eoo{x) = e(x) = exp(27rzx) for x G M, and define 
the character ep of Qp, with kernel Zp, on x G C Qp by ep(x) = e{—x). Thus 

ca = e„ is trivial on Q and unramified. 

Any F G Lq(Gq\Ga,x) has a Fourier- Whittaker series expansion. 



F{9) = E ^ 



1 

1 X 
1 



g e^ix) dx. 



We will see in gHXHthat 











2 






a 






1 




) 


a 


J k-x 




1 
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Define tlie global Whittaker model W = W(7r) ~ vr as the image of tt under F 
Then W = (8>^,W^,, where all G W^, — vr^ are smooth functions on Gn^ s.t. 



1 X 
1 



g ) = ej,(x) Wv{g) for x G 



We will explicitly compute those having the same right types as forms in 
S'fc(l, (1, M), X, M''). By the uniqueness of proved in [17], it suffices for us to 
write down candidates W* and check that they are Ti* eigenvectors. Of course we 
could solve for these functions directly, by working backwards through the calculations 
below, but we find it easier to 'guess' them based on the results of §2.2[ 

An important feature of the Whittaker models is that they endow forms on GL2 
with an arithmetic normalization distinct from the spectral one. An eigenform F is 
called Hecke normalized if F = W*. The W* have been scaled so that W*{1) = 1 
and has prescribed asymptotics in the cusp. We denote by W* G the 
Whittaker functions of F, 



W:ig) = Wlieg) for e 



For p\ M, we define by 



p 
a 



and check that 



bl^-bl' 



f I' K(f)' 



X modp 

E 

X modp 



ep[ax) 



ap ax 
1 

ap^ I ^ — I ap^ 



p 



+ 



p " \ap\''-p " \ap\ 

p^° |ap|^— p~^ \ap 

p—s_p—s 



+ 



p I ~ ( p ) 

p^a\Hj^^{a) 

p^\a\Hzpia) 



Ap< 



a 



Recall that the case of p \ M is essentially the same as the previous one, but we 
must consider a two-dimensional space of oldvectors. Taking VF? as above, we have 
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already shown Wp e Wp , and we simply define 

1 



P 



For p I M", we define 



wl 



a 
a 



I Ip I a Ip ''^p V a/ ' 



and check that 



rp(p,i)rJ] 



p 



p 



P 



ap ax 
1 



xmodp 

J] ep(ax)|ap|J+''''I^^(ap) 

xmodp 



a;modp 



a 

p X 



1 ^ 

X 

1 



ap 



= -p |ap|J+'*- Iz,(a) + |ap|J+'*- (plz,(a) - Iz,(ap)) 
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For p I M^, we define 



V 



p 



( 


d 








d 


( 




d 




d 





xp(«)iiir"^iz.(t), 



for Qp 



'p 



and clieck tliat 



xuiodp 



ap ax 
1 



xmodp 



imodp 



a 

p X 



Xp{p) 



P 



( 


" 1 « " 

a; 




ap 




a; 






1 




1 




p X 





= ^|ap||"'^Iz,(a) +Eep(f)Xp(-f) lapll^'^'Kiap) 

x^O 



For ^ = 00, recall the classical Whittaker function Wk,^ which uniquely solves 



1 K 



<Ay) + ( "i + - + 



12^ 



under Wn^^{y) ~ i/^e 2 as |/ ^ 00. 



In particular, 
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If A; = 0, define e Woo by 



sgn^-(i)wo, 



This has moderate growth and satisfies 



T^[W'J = {-lY-W^, 



If \k\ > 2, define e Woo by 



which has moderate growth and satisfies, for ±k > 2, 

R^w^] = 0, 
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Chapter 2 



Theta Lifting 

2.1 Basic Setup 
2.1.1 Groups 

Following [8J, let G = GL2 , H = GSpg , G = H H a.s linear algebraic groups 
over Q. The similitude character of H and its restriction to G will be denoted u 
(and distinguished by context from the reduced norm of -B). Also consider B, , 
H' = GO{B,i>), G' = H'^ n GO{B^,(B^u) as linear algebraic groups over Q, again 
denoting the similitude characters by u. Write H' for the connected component of 
the identity in H', and define p : B^ x B^ H' by p{a,a){P) = a(3a~^. We see 
there is an exact sequence 

1 Z(5^) ^ (5^ X 5^) ^ ^' ^ 1. 

We may view the anti-involution l as an element of order two in if^, L{f3) = /3^ It 
and H' generate H' = H' >i {t) as a semi-direct product, p{a,a) l = tp T^^- 
Note that 

n.(z/2z) ^ (Oa, 

To compute inner-products on H', we will use the parametrization 

p : X Pfi^ ^ PH'. 

We will also need Shimizu's parametrization, 

(pJ)^p(Pi3,i3). 
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2.1.2 Measures 



We now describe the canonical Tamagawa measures on each of these groups, as in 
[321 HO]. Let dx = dxv be the Haar measure on Q^, such that the Fourier transform is 
self-dual (vol(M/Z) = vol(Zp) = 1 = vol(A/Q)): For ^ e 5(Q^,), 

JQv 

Then define d'^Xy = ^dx^, so that voP(M+/e^) = voP(Z^) = 1. 

Identify with its algebraic dual B* using the non-degenerate symmetric bilinear 
form {a, j3) = tr(a/3'') = a/3'' -|- /3Q^^ Now choose the Haar measure da = da^ on B^ 
so that the 't-twisted' Fourier transform is self-dual: For ip G Si^B^), 

J'^{(3) = I ¥.(«)e,((«,/3))rf« = ^-V(-/3). 

J By 

If V \ ds, da = Ylij^^ijy while for p | ds, vol(-Rp) = ^ . It follows from calculating 
vol(Soo/0(ds,iV)) = dsN that vo1(5a/5q) = 1. 

As before, define d^ay = ^r^day. It is well known and follows from the calcula- 
tions in §1.31 that 

vono;idB,N)) = Cpi2)-' I (p+l)-' ifp I N, 

[ 1 iip\dBN. 

On Boo, d^a^o = d^ai d^a2 dxdO in terms of the coordinates 



ai 




1 X 


02 




1 



K0, for < < TT. 



We will also write d^a^ for the measure on PB^ compatible with the exact sequence 

1 ^ Q." ^ ^ Pi?,„" 1, 
and (i^^^a^ for the measure on compatible with 

To be explicit, 

^o\\po;{dB.N)) = Mo\\o;{dB.N)), 
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while d^aoo = d^adxdO in the PB^ coordinates 





a 




1 X 




1 




1 



K0, for < 6* < vr. 



Also 



vol 





a 




1 X 




a-i _ 




1 



A^'\Ol'\dB,N)) = voP(0;(ciB,iV)), 
while (i'-^-'ann = d^a dx d6 in the coordinates 

Ke, for < ^ < TT. 

It is well known (see HQ]) that vol^(P5^\P5^) = 2 and vol(^\5^^\5i^^) = 1. The 
difference between d^a^c, and d^^^ac^ may be seen as follows: Lift d^aoo to the double 
cover M.~^\B^ of PB^. Then ^ d^aoo is compatible with 

1 — 'Bg^ — ' ^'^\B^ ^ — > 1. 

The Tamagawa measures on G = GL2, PG = PGL2, G^^^ = SL2 are special cases 
of those above, for (is = 1. Now define dg^ on to be compatible with 



1 ^ G 



Explicitly, 



voi(o;(i,iV)3nGp) = voP(o;(i,iV))= 



and (igfoj^ = d^a Ylji^^^^j dxj dOj) in the Goo coordinates 
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OOJ 



a 








1 


1 








1 



for < 0j < TT. 



Also define dg^ on PG^ to be compatible with 

1 ^ i^G, — > 1. 

Then 

vol(P(0!:(l, iV)=' n G,)) = vol iV)f , 
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and dg^ = 2 nj('^^'^j ^Xj dOj) in the PGao coordinates 



1 Xj 

1 



for = 1, 01020-3 > 0, Q <6j < vr. 
It is easy to check that voI{PGq\PGa) = 2. 

2.1.3 Dual-Pairs 

Extend the definition of (■ , ■) to i?" as an orthogonal direct sum, and define JF, da^ on 
as before. We may write J-'j for the Fourier transform in Pj alone, /? = (Pj) G -B". 
The Weil representation u of Sp2„(Qi,) on 5(5^) is uniquely determined by: [T71 IM] 



In 



V7(/3) =e,(i(f//3,/5))<^(/5) for t/ = t/* G M„(Q,), 



UJ 



00 



A' 



1„ 



v{P) = \AeiA\l^{Ap) 



for A G GL. 



Now consider the similitude dual-pairs 

i?(X, Y) = {{x,y)eXxY- p{x) = v{y)}, 
for = (3,G,G'), (3,i/,i^')- 

We extend the definition of uj to each of these as follows: Let L denote the unitary 
left regular representation of on S{B'^), 

L{h')m = Hh')\-.'v{{hr'P). 
L(g')'/^(/3) = iK^')i7V((/^;)-v,), 



If z/(x, y) = 6, set a 



6h 



G 



^-^^x = a ^x. Then 



07(x,y) = a;(x«)L(y) = L(y)^(«a;) 



defines a representation of R{X,Y)y on 5(5"). 



Note u(z, = 1 for z G 



smce UJ 



Liz) 
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2.2 Jacquet— Langlands Correspondence 

In this section we explicitly compute the Shimizu theta lift and its adjoint, which 
realize the Jacquet-Langlands correspondence. 

2.2.1 Shimizu's Theta Lift 

For ^, ^ as in gL2and r] e [1^,(^/2^), define F' e Ll{H^\H'j„ x) by 



with matching local data G S{Bj^) as in §2.3[ Shimizu's theta lift is defined in [3 
For geGf\ 



PB^\PB^ JbI^\b^^^ ^g^^ 



J2 uj{g,piPP,(3)ma) 



PB^\PB^ >^Sq\'Ba ' aGB, 



This expression is readily converted into a Fourier series, following pM]. First, de- 
compose the sum over Bq into left Bq^ orbits. Note that Bq\Bq ^ by z/, and if 

Bq is a division algebra, B^^ = {0}. In the unramified case B = M , the remaining 
elements are those a G Mq of rank 1, and every such can be written as a = 7~^Q;, 



for representatives of unique classes a G P 







7 G Nq\SU 



The contribution to B^(-F') from a = is proportional to 



since tt is not one- dimensional, by the argument in [3l]. For B = M (which is not 
considered in [M], but see [36j), the contribution from all a G M^^ \ {0} equals 



if f V V 

'JpGQ\PGjGl^\Gf^ « ^eiV„\G(^) 
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5 ^ Jpgq\pga Jnq\gI^^ 



JpGq\PGa JNf,\G'f> 



Nq\Na J 

since tt is cuspidal. Therefore in all cases under consideration, 



E \ 



PB-\PBl JBf-' 



1 



p(«\l) o 



g ] , where 



E 



1 



PB-\PB- JBi'^ 



a;(^7,p(/3/3,/3))(^(l) 



vI/''((7,/3)vi/''(/3)d>^/3, 



PB$\PB^ 



^^{g, P) := / p(a, 1))^(1) ^^(/?«) S%. 

At this point our proof diverges from [34j. Using the calculations in §2.31 we 
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realize the last integral as the action of Hecke operators on \E''' and show 

§''(^?,/?) = %)vi/^(/?), 

where F is the unique Hecke normalized Ti* eigenform 

F e (1, dsN), X, N^) n 7rJL(7r) s.t. 

Rp{l, dsN) F = epF for all p \ N\ 

and so 

e^(F') = (^^ ^'') F = ^) F. 
It is clear from the definition of uj that 



1 X 
1 



g,p) = eA{x)^'^{g,P) for a; G A, 



and since uj{z,p{z, 1)) = 1, 

^^{zg,P)=x{z)^'^{g,P) for z e A\ 

Furthermore, the right i^„-types of "^^{g, (3) are determined by Lemma[3]in §2.31 The 
remainder of our calculation consists identifying the Whittaker functions from §1.51 
(with M = deN, = N\ M« = deN^, = m). 

a 



If p f dsN, it suffices to consider g 



1 



w(5',p(a,l))<,^p(l) = W\p0p{a') = \a\p(pp{a), 



(a) 



^p(a)vi/^(/3aX) 



a 



If p I A^^, we consider g as before and also g' 



\a\p / y^p{a) \E'!J(/?a) d^a 
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If p I N^, 



If p I 



is'"' 
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If p I ds, 



= W^ig) ^;iP), 

Lj{g',p{a,l))0p{l) = -|a|pj^0p(a') = -\a\pj^ipp{a), 

^;{g',f3) = -\ap\pTp{za)-'Tj,^P^^;{(3) 
= -la]"^^ \ap\pl^^{ap) ^;{(3) 
= W^{g')4^;{(3). 

±a 



If w = oo, we consider g 



± 



a G 



1 



a 



(a) 



oo 

= W\^\{g+)i>U(^), 

^Ug-.(^) = W^'^T^Tt'^W) 

= W\^\{g-)i>U(^). 

2.2.2 Adjoint of Shimizu's Lift 

Let ^ = ^ = ^, F be as in M and for h' e H^^ define 



e^{F){h')= [ T''(9,h'Ma)F{g)dg. 
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Theorem 1. 



Proof. Since the theta kernel is smooth, automorphic, and has moderate growth, it 
foUows from Lemma [3] that 

eAi{dB,N,x)y<Ai{dB,N,x)- 

Furthermore by Lemma |U for p \ dsN, 
and hence by strong muhiphcity-one on , 

6^(F) opG7fX7f^ = 7fX7r. 

Thus by Lemma [H 60(F) is determined up to scahng. We compute its normalization 
using the adjoint identity below (compare with the similitude see-saw identity in [9j). 

□ 

Lemma 2. 



Proof. 

LHS = i / if,,,,, ^{g,h',^)F\h')F{i)S%'d>^g 



2 / 2 



1 



^{g,h',0)F\h')F{g)S%'d-g 
^{g,h\Cp)F\h')F{g)S%' d^'^gd^ 



RHS by symmetry. 

□ 
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2.3 Local Data 

With the notation of §2.21 define f,(p& S{B^) by 



VOlX(Op^) 



XpiMhAM if P I ATX, 



0,(/3) = c.(l,CK(/5) = ^.(C/^), 

I 1 

MP) 



I.e. 



if pf ATX, 



Xp(/322)Iz^(/322) ifpliVx, r/p=l, 

Now we compute the Fourier transforms of these functions in each case, and relate 
them to Hecke operators for . 

If pf dsN^, writing P 



a b 




N ' 


c d 


1 





volX(ClpX) 



P 5 



I N\, I^^ (a) (iV6) I^^ (iVc) Iz, (t/) , 
ifp|iV^iV», 



ifpfc^BAT, 
Lx ifp|Ar''iV«. 



If -p I iV^, (note and T commute) 



^'^P*^'^) = volx?0X) ^ Xp(-^) Ilzx (C^) JljVZp(c) IlTVZpW IZpW 



J,X2,2 
n>0 V'Tp(p",p-i) • 
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If p I dfi, R; := {ae Dp;yp e Rp, tr{aP) e Zp} = Wp'^Rp , 

1 TT 

^p\b^^ ~ Z^n>0 -'P ' 



If v = oo, 



Then 



-Dlj 





" 


1 " 


( 










" 


" 


( 


1 






1/2 • Ov ■ 

^ -too 



= 27ri (XX -yy)-, 



1 ( _d__d a a \ 

27ri \dX dX dY dY ) ' 



Duj{J) (poo = i\k\ (fi 



Lemma 3. For n G (1, (isiV)) and k,K, E Kp{dB,N) s.t. det / 

(^iVote Xp has different definitions on these two groups.) 



Proof. First consider diagonal n G (1, dsN)) : 

uj{K,p{k,k))(fp{P) = (fp{Kiik~'^ I3k) 



= Xp(«) Xpih^f^) Xpii^l"'!^) Vp ■ 

Then it suffices to check 

1 -r 1\ 

\Vp = for X G Zp , 

I jF(^p = J^ipp for x G dsNZp . 
The archimedean statement follows from previous calculations. 





" 1 


a; 


-( 




1 




" 1 


X 


-( 




1 
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Lemma 4. For p \ dsN , a 



P 



SL2(Zp) JK^^\dB,N) 



Proof. Since uj{aKa ^) (pp = (pp for k G Kp^\l, (p, -)), the k integral reduces to an 



uj{a, p{l,ka ^))(pp{(3) Sp '' k . 



average over the Kp '{1, (1, 1)) / Kp '(1, (p, 1)) coset representatives, 

1 



1 X 
1 



-1 



(x mod p), 
and hence evaluates to 

Now the K and k integrals evaluate to 



p^p{a-'k(3)S^^k = ^ (rW *IaJ(/3), 



It follows from the calculations in §1.3.21 (extending by continuity to By) that 

I^x =Io,*(T,(l)-TW+pT,(p)), 
la, * tW = la, - lo^ +plpo, = * H 



□ 
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Chapter 3 
L-functions 



In this chapter we compute special values of adjoint and triple product L-functions. 
First we describe the relevant Langlands parameters (admissible representations of 
Weil or Weil-Deligne groups), which determine canonical L and e factors. Then 
we compute special values of the global L-functions using the Rankin-Selberg and 
Garrett/Piatetski-Shapiro-Rallis integral representations. 



3.1 Local Langlands Correspondence 

Let \Nf denote the Weil group of the local field F (as in [39], [22l [32]) and Tp the local 
class-field theory isomorphism rp : — ^ \N^. If x is a character of F^ , denote by 
X'' the corresponding character of W^. In particular, write || || = | \p. 
Recall that Wc = is abelian and rc is the identity (so ||2;|| = |-2|c), 



and 



has closed commutator subgroup = C*^^-*, with tk being defined by 



9 r I — r 2 



so \\z\ 



As described in [21] (with a normalization error that we have corrected), all one- 
dimensional representations of Wr are isomorphic to some = {s, 6)^ , 



g^j) = {-lY, for sec, 5 €{0,1}, 
and all irreducible two-dimensional semi-simple representations to some = (s, Z)^ 

i-iy 



hi see, I e 
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If we allow / G Z, then 

(s, 0)1 ~ (s, 0)i © (s, 1)^ , (s, 1)1 ~ (s, 

(si, (g) (s2, 52)r - (si + S2, 5)k , 6 = 6i + 62 mod 2, 
(■51, h)R <S) (s2, /2)r - (si + S2, h + h)^ © (si + S2, h - h)^ , 

(Sl, Si)i © (S2, /2)| ^ (Sl + S2, /2)| • 

The standard local factors are defined as follows: 

Cir(s) = vr-ir(f ), Cc{s) = Cr{s) Cr(5 + 1) 

= (27r)-r(.), 

L{s, g^) = Cr(s + Soo + ^oo), L{s, g^) = Cc(s + Soo + 
C{t, g') = (1 + lit + Sool), C{t, g^) = (1 + lit + Soo + ^|)', 

^\ Coo) = i^°°, ^^ Coo) = i'°°+^ 

Now let Wq^ denote the Weil-Deligne group of Qp. We implicitly identify the 
characters of Wq^ and Wq^. Recall from [391 122] the indecomposable admissible 
representation sp" of on C{eo, . . . ,e„_i} defined by 



sp"(w)ei = ||w|pei, sp"(N)ei 



Cj+i a i < n — 1, 
if i = n — 1. 



Note (sp")^ ~ II f © sp". Since sp" ~ Sym^^^sp^, it follows that 

n-l 



sp'"©sp" ~ 011 |P©sp™+'^-=^^-i Vm>n, 



i=0 

j^sp^ ^ II ir © sp^ 



©^sp^ ~ ©^(11 f ©sp^) ©sp^ 

Also consider a character Xp of with conductor p^Zp for A; > 0. The standard 
local factors we need are then defined as follows: Cp{^) = (1 \ 



^=iiir^©sp", Q' = Xp 

L{s,g) = Cp{s + Sp + n-1), L{s,g') = l, 

C{g)=p''-\ C{g')=p\^ 

n-2 



e{s,g,ep) = Y[^^rT~V~^T~V' ^{s, g' ,ep) = p [ Xp\x) ep{x) dx. 



=0 ^p^^ ~^ 



"-2 \ 1 
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3.1.1 Adjoint Parameters 

Consider a representation 7Cy of GL2(Q^) as in §1.41 . Below we list the corresponding 
Langlands parameters g and their local factors, plus those of compositions with the 
adjoint representation Ad : GL2(C) GL3(C), Adg = Ad o ^ ~ ^ © 1. 

Archimedean 

If A; = 0, then tToo — 7r(sgn^°°| l^jSgn"^""] l^**""), 5oo ^ {0, 1}, corresponds to 

~ (Soo, 5oo)k © (-Soo, 5oo)m , with 

C(t,f?°) = (l + |it + Soo|)(l + |it-Soo|), 
£(s,^°,eoo) = (-1)^°°, and 

Ad^° ~ (2soo, 0)^ © (0, 0)^ © (-2soo, 0)^ , with 
L{s, Adg°) = Cr(s + 2soo) (r{s) Cm(s - 2soo), 
C(t,Adf?°) = (l + |it + 2soo|)(l + |it|)(l + |it-2soo|), 
Ad^°,eoo) = 1- 

If A; > 2, then ttoo — cr{sgn'^\ | \^°°), Soo = corresponds to 

/^(0,A;-1)2, with 
L{s,g'') = Cc(s + Soo), 
C(t, /) = (! + lit + soo|)', 
e{s, g'',eoo) = i^, and 

Ad/ ^ (0, 2A; - 2)1 © (0, 1)^ , with 
L{s, Ad/) = Cc(s + 2soo) Cr{s + 1), 
C(t,Ad/) = (l + |it + 2soo|)'(l + |it|), 
£(s,Ad/,eoo) = 

Non- Archimedean 

lfp]M^M^, then vTp ~ 7r(| |pM jp'') corresponds to 

/ ~ II II'''' © II ll^'f, with 
Lis, g°) = Cpi-s + Sp) Cp(s + Sp), 
e{s, /,ep) = 1, 

C(/) = 1, and 

Ad/ ^ II II © II 11° © II II ^'''"''f, with 
L(s, Ad/) = Cp(s + Sp - Sp) Cp(s) Cp(s + Sp - Sp), 
£(s, Ad/,ep) = 1, 
C(Ad/) = 1. 
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If p I M", then TTp ~ (t(| |p 2+'*^^ | 1 2"'"'*'') corresponds to 

^t) ^ II [|-5+i*p (g, and Ad^** ~ || ||"-^ ® sp^, with 

Lp{s, Q^) = Cp(s + \ + itp), L(s, Adi?«) = Cp(s + 1), 

£p(«, q\ = Ad^«, e^) = 

If p I M>^, then 

"""p — " (Xpl Ip'') I |p ^) corresponds to 

Q>^ ~ Xp II 11'*" © II 11"'*", with 
L{s,Q>^) = Cp{s - Up), 

C{g^) — p , and ^ 

Adg^ ~ Xp II 11^'*'' © II 11° © II |^^"^ with 
L{s,Adg>') = Cp{s), 

e{s,Adg^,ep) = Xp{-l)p-''^\ 
C(Ad^^) = 

3.1.2 Triple Product Parameters 
Archimedean 

If ki = k2 = h = 0, let {0, 1} 9 5 = 5i + ^2 + ^3 mod 2, so that 

Q-^ di® qI® qI^ (±si ± S2 ± S3, (^)r , with 

^) ^ n ^^^^ ± Sl ± S2 ± S3 + 

{±}3 

= n (i+ii^±si±s2±s3i), 

{±}3 

s{s, g,eoo) = 1. 

If A; = |A;i| = |A;2| > 2 and /cg = 0, 

g := ® ® ~ (S3, 2A; - 2)| © (sg, 0)^ 

© (-S3, 2k - 2)1 © (-S3, 0)^ , with 

Hs, g) = Cc{s + S3 + k-l) Cc(s + ss) 

• Cc{s - ss + k-l) Cc(s - Ss), 

C{t, g) = {l + \it + S3 + k- 1|)2 (1 + lit + ssD' 

■ (l + |i^-s3 + A;-l|)2(l + |i^-s3|)^ 

£(s, g, eoo) = 1. 
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If |A;i| = \k2\ + \h\ > \k2\ > \k3\ > 2, 

g := gt'^ ® g^'^ ® gf'^ ~ (0, 2|A;i| - 3)^ © (0, 2\k2\ - 1)1 

©(0,2|A;3|- 1)2 ©(0,1)2, ^.^^ 

L{s, g) = Cc{s + l/cil - I) Cc(s + I/C2I - I) 

■Cc(s + |fc3i -|)Cc(s + i), 

C{t, g) = {l + lit + - 11)2 (1 + lit + |A;2| - i|)2 

■ (l + |i^ + |fc3|-i|)'(l + |it + il)^ 

e{s, g,eoo) = 1- 



Non- Archimedean 



g>gl®gl-^ || ir"+^^^+^3^ 

Sp(s, (g) ^2 ® ^3. Cp) = 1, 

C{g", <8) <8) ^°) = 1, 

gl(^gl(gglc:^ || ® sp2. 



g\ © 4 ~ II ||'*i+'*2 © (II ||-i+«i+«2 ^ sp-^), 

^5 © © 4 ~ ©2(11 ||-i+i(*i+t2+*3) ^ sp2^ ||-f+i(ti+fe+t3) ^ sp4^^ 

L(s, g{ © ^1 © 4) = Cp(s + I + i(ti + t2 + ta))' Cp{s + § + i(ti + ^2 + ts)) , 
£(s, g\ © © f?«,ep) = (-p-5Kti+*2+i3))p-5.+f ^ 

C(g\®gl0gl)^p', 

gl ® ^2 ® ^3 - II |r*^+"^+^^ © (II II +'*2+^3 ^ sp3) 

|itl+it2+S3 /ll II -1+1*1+1*2+53 © sp^j 
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3.2 Zeta Integrals 
3.2.1 Rankin-Selberg 

Lemma 5. Let F E 5^(1, (1, M), x, M'') be a Hecke normalized H* eigenform, with 
Langlands parameters g — {qv)- Then 











2 


/ 




a 


) 




/ax 




1 







\a\-.'da^^L*{l,Adg), 



.2(1 + ^) ^fp\M'. 



In terms of the corresponding classical Hecke form / e (1, M), x, M^), 



,2 -^^^...(^Yl 2{ 



|2^ = 2c^M 



L*{l,Adg). 



iro{M)\sj 

Proof. Suppose — 1 for now, and define tfie PGa Eisenstein series 

E{s,g,0= Yl ^(^'^^)' 





a X 




1 



= |a|^^W,(i,(i,M))(/«), 



AC e Pi^,(l, (1, 1)), vol, = vol,(PX,(l, (1, M))). 
Now consider the Rankin-Selberg zeta integral, 



Z(s,FxF,0= / 
Jp 

-L 



PGq\PGa 



\F{g)\'Eis,g,Odg 



\F{g)\'i{s,g)dg 



PTq\PGa 



I I 

n Z,{s,F,xf. 



1 



all d^adx 



\a\l d^a 



Z^{s,F^ X F^) 
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These local factors are easy to compute: li k — 0, 
If |A;| > 2, 

Z^{s, Wl X W^) = (47r)-(^+l*^l-i) r(s + - 1) 

= 2-1^1-^ Cc(s + |fc|-l)Cc(s)CM(2s)-^ 
= 2-1^=1-1 Loo(s, ^oo«)^oo)Cm(2s)-^ 

If p t M, 

X = Cp(s + - Sp) Cp(s)' Cp(s + - Sp) Cp(25)-^ 
= Lp(s,^p®-^p)Cp(2s)"\ 

If p I Mtt, 

Z^{s, Wl X = Cp(s + 1) = ® -Q^) Us)-\ 

If p I M^, 

By unfolding the integral of an incomplete Eisenstein series as above, one can 
show that res E{s, g, ^) — \. Therefore the Petersson norm of F is given by 

{F.F)^\I \F{g)\'dg 

JpGq\pg^ 

^resZ{s,FxF,0 

s=l 

= limZ(s,FxF,0 C(s)-' 

s— >1 











2 


/ 




a 


) 


\a\ 


/AX 




1 







It is easy to check the value of each c^, defined by 

Z^(l, F^ X f = L^(l, ^ ® 
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The restriction = 1 is removed using the calculation from §1.4[ 

(Vj,Vj) = 2(l + ff) {V^^V^). 

□ 

Now we consider Eisenstein series which are Hecke eigenforms. For any choice of 
signs e G HpiA/l^'^l}; define E{s,g,^'') as before, with Rp = Rp{l, (1,M)) and 

Then by Hejhal's calculation of the scattering matrix [10], 



rj{s, D E{s, g, f) = 7^(1 - s, T) E{1 - s, g, C 
Finally, we make the spectral renormalization [TO 



2-i#{p|M}+l 

E\s,g,C)= E{s,g,C), so that 

vol(ro(M)\i3) 

n poo 2 poo 

/ / h{t)E\l + it,a.,C)f ^= / \h{t)ri. 

Jro{M)\sj Jo Jo 

Lemma 6. Let ip G 5*^(1, (1, M), x, 1) he a classical Hecke normalized H* eigenform, 
with Langlands parameters g = (qv)- Then 

Jra(M)\f, _=m i+^p \ ^^ ' L {s,g® g) 

UlplM 2 J Mi-s L*{l,Adg)ri{s,C)' 



2 dx dy 
— ^ — 

y 



'ro(A/)\fi 

Proof. Let i^,/ be as in Lemma [g with = 1. Since |Fp = |Fp for all p \ M, 



Jro{M)\9, 



dx dy 
2~- 



The result now follows by dividing out the similar formula of Lemma [5l Since the 
new formula is self-normalizing, we only require ip G C^/ to be an eigenform. □ 

Note that the identity of Lemma [6] is consistent with the functional equations 
of E^{s, g,^'^) and L*{s, g ®'g). For the purpose of comparison with Theorem [3l we 
observe that the Langlands parameters of the unitary Eisenstein series E^{^ + it, g, ^'^) 
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are given by 



and that 



Ttt{M)\S^ 



To{M)\Sj 



\iip\M j 



M2 L*(l,Ad^)'resL*(s,Ad^^) 

s=l 



3.2.2 Garrett /Piatetski-Shapiro— Rallis 

In this section we exphcitly calculate zeta integrals for the Rankin triple L-function, 
as defined in [33]. Let Fj G tTj fl S'fc(l, (1, dsN^), 1, 1) be three Hecke normalized 7i* 
eigenforms as in Theorem [1], with matching data as defined in §2.31 Consider 
i*" = Fl X F2 X F3 as an automorphic form on PGa and 93 = y^i x (y92 x ^93 G S{B^. 
We distinguish totally unramified data as 93°. 

Following [331 [8], we consider <l>„(s,/i) satisfying 



^^{s,th) = \detAD-X ^^^{s,h), for h e H^, t -- 

Note the Iwasawa decomposition = T^K^, where 

= U(3), Kp = GSp6(Zp). 

Now for h G H^, choose any h' G H'^ s.t. z^(/i') = and define 

^,iO,h) = ujih,h')(fiM- 
Since $°(0, h) is constant on K^, 

The local zeta integral is defined as in [531 El E] by 



A B 
D 



where 



Xi 

I3 2:2 



0, 



3^3 



a;i + a;2 + = 
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9 70 



Lemma 7. For any ip^ G S{B^), 



1 


1 


1 


-1 











1 





-1 


1 











1 


-1 





1 


1 


1 


1 




















-1 


1 














-1 





1 



a;(7o)<y5,(0,0,0) = (-l^i'^B / cp^{(3, (3, (3) di3 



By 



Proof. Write 70 = Jr^EJiFG, 

-1 



E 



I3 
O3 

I3 
O3 







1. 



Ji 





-1 



12 



0, U 



111 
1 



1 

-1 1 
-1 1 



Then 



= e,(-i/(A) + z/(/32) + z/(/33)) 

a;(7o)¥',(0, 0, 0) = uj{J^'EJMO, 0, 0) 

= (^rie,(-z/(«i))-^i'^:)(0,0,0) 



J Bv 



□ 



By the calculations of Piatetski-Shapiro-Rallis, Ikeda, Gross-Kudla, plus our own 
which follow, we have 



Theorem 2. Suppose k = |A;i| > \k2\ > \ks\ > 0, ki + k2 + k^ ^ k2k^ > Oj, 
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and for some fixed square-free N, all N^. ^ N and all N\^N} ^l. Then 



C 

Z^{0, W*, (f^) = L^(|, TTi X TTs X TTs), 



£00+1 



Coo — 



-2fe-2 



ifk^O, 
if >2. 



ifp^dsN, 



Proof. We go through each case separately. Note that although we only describe 
central values above, they are defined by analytic continuation of Zy{s). 



Archimedean 

Recall that 

Defining 



9 3 = 



ettj 2 ttj 



h' — p 

for e e {±1}, aj e M^, 



1 



1, 



we have 

u{g,,h')^,{(5) = ^ |a,|l^^l+2X^(/3)e(fK/?) +ia|P(/3)), 
where Xi = X, X_i = Y. Then 



$(0,5^) 



u{g)^{(3,(3,(3)d(3 



M2(M) 



Jm2(R) 

where z = x + i{al + 0,^ + al) = x + iy, 
^ |ai|l^^l+>2|l'=^l+>3|l'^^l+' W e{z \X\'-z \Y\')] (0) 
^(27ri)-2'=|ai|l'=il+>2|l'^l+>3|l'^l+' 

^A;!|ai|l^il+>2|l'^l+'|a3|l'^l+' {27rez'-/i) 



k |„|-2 



5^) = ^ A;! |ai|^^+l^^l+>2r'+"^'+>3|''+"^'+' (27re;2Vi)"' \A 



-2s-2 
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We used the formulas 



/ exp{-TTX*Qx + 2TTiy*Bx) dx = (detQ) 2 exp(-7ry*i?(5 ^B^y), 

{&mT^Ma\z\%^, = n\a-. 

In the case of all Fj being even Maass forms, the difficult archimedean zeta integral 
was evaluated by Ikeda [12] . It is trivial to extend his result to arbitrary combinations 
of parity. Recall that 

{0,1}3 S = 61 + 62 + 63 mod 2, 

y = yi + y2 + ys- 

Then 

n>o 



\2s I ^|-2-2s 

|UiU2U3 

5x)3 jRj[0,7r)3 

■ (n, ^o,sj (47ra|)) e(x) 2 d^aj rfa; (i6'j 



(1-5)2^/ / |zr^-^^e(x) n,afwos (47ra2)dXa,dx 

J{K+)3Jr 

{1-6)2' [ [ \z\-'-''e{x) UjyT'Ks,{2ny,)d^jdx 



{1-6) 2^7t' 

r(s + i) 

r(s + i)r(2s + i) ^2 + 4 2 2 2J 



Cm(2s + 2) Cr(4s + 2) ^^^3 



(1-5) 



Loo{s + |,7ri X 7r2 X 713) 
Cm(2s + 2)Cm(4s + 2) 



Our calculation in the case l^s] > 2 is very similar to that of Gross-Kudla for 
all-equal positive weights [7]. 



V4 / I^.{e)af^'\'^\a''^'\''\-''^'^''^ 

r,,i J(R+)3 

k\ {27C ez^/i)-''\z\~^'-^ e{z) 2 d\ dx 



{±1} 
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= (27ri) k\ i/i ' '1/2 '1/3 

7(R+)3 



^0 



T{s + 1) T{s + k + 1) 



(R+)3 



(27r)2^+2 fc! r(s + i^ii) r{s + \k2\) r{s + \ks\) 



r(s + l)r{s + k + 1) (47r)3^+2fe 

POO 

■ / f{l + t)-^'-''dt 

Jo 

k\ V{s + \ki\) V{s + ifcal) r(g + Ifcgl) r(g + 1) r(s + A; - 1) 
24.+4fc-2 7^s+2fc-2 + 1) r(s + A; + 1) r(2s + A;) 

2-2fc-2^, 2^ (27r)-^*-2*' 
(s + A;) (2s + l)k 7r-3--2 

r(s + - 1) r(s + 1) r(s + 1^2!) t{s + [fcai) 
r(s + i)r(2s + i) 

2-2fe-2 Loo(s + |, TTi X 7r2 X TTa) 



(s + A;) (2s + l)fe Cr(2s + 2)Cr(4s + 2) ' 

2-2A:-2 

Z^{Q,Wt^ X W^l,^^! X Wt\^oo) = 7r7^^oo(i7ri x 7r2 x TTa). 

It is easy to check that our evaluation of the above integral is consistent with Ikeda's 
result for the overlapping parameter values kj = 0, = — |. 
Finally, in the case |A;2| > 2, |A;a| = 0, we have 

= (27ri)-^ A;! / yl^'y'^^^ w^,s,{^T:y^) e'"^^ 

J(R+)3 

{z)~'' \z\~'^''~'^ e{z) d'^yj dx 



r(s + 1 1 r(s + A; + 1 j Jm+)3 



I 



r(s + l)r(s + A; + l) J(K+)3 

g-47r(2/i+j/2+!/3){l+t)+27r2/3 ^^(l + ^Xy. 

' l/>o,.3(47ry3) 



r(s + l)r(s + A; + l) (47r)2«+2fc 

/•oo 

• / e-^''^'^^+^'h'{l + t)-'-''d''y3dt 
Jo 
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2-2.-4fc+2 ^-2fe+2 k\T{s + k) r(g + l) 



/ 



r(s + 1) (s + k) (47r)^ 



2-4s-4fc+2 ^-s-2fc+2 



k\T{s + k) 



E 



(s + k) 

T{s + l± S3) r(s + - i ± S3) r(T2s3) 



r(iTS3)r(2s + A; + i±S3) 



± S3, 



s + A; - i ± S3, 



± S3; 



1 ± 2s3, 2s + A; + i ± S3; 



3F2 denotes a generalized hypergeometric series. We can simplify this further at s = 
using the three-term relation, 



3-1^2 



a, b, c; 
d, e; 1 



E 



r(i - g) r{d) r(e) r(c - b) 
r{d - b) r(e - 6) r(i + 6 - a) r(c) 



3-f^2 



6, 1 + b-d, 1 + b-e; 
1 + 6- c, 1 + 6- a; 1 



24fc-2 7^2^-2 Z_^^ r(l-p 



r(| ± S3) r(fc - 1 ± S3) r(+2s3) 

S3)r(A;+|±S3) 



3-t'2 



/C - I ± S3, 



_ 1 ± 2s3, A; + I ± S3: 



I ± S3; 
1 



E r(| T S3) r(-fc + 1 + S3) r(| ± S3) r(fc - i ± S3) 



24fe-2„2fe-2 

r{k) r(+2s3) 

K i + S3) r(| + S3) r(A; + 1 ± S3) 



r(fe) 



r(A:) r(+2s3) 

I + S3) r(-/. + 1 + S3) r(i ^ 

[ I ± S3, A; - I ± S3, 
l±2s3, A; + |±S3; 



3-f'2 



I ± S3; 
1 



- 2^k-2^2k-2 cOs2(7rS3) /-^^ fc f(7) 



3-f'2 



cos2(7rs3) /^2-fc r(/) 

V- r(A;)r(i)r(/)r(+2s3) 

r(i + S3) r(/ - i + S3) r(A; + i ± S3) r(i + S3) 

I i S3, I i S3, I ± S3 — /; 

l±2s3, A; + |±S3; 1 
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lim 



24fc-2^2fc-2 cos2(7rS3) /-2-fe !(/) 



3-^2 



1, /; 



S3; 



24fc-2^2fc-2 cos2(7rS3) ^ n! (1)„ 1(2 - + 

n=fc— 1 

r(A;) TT^ r(A;) r(A; - i + S3) T{k ~ ^ - S3) 



24fc-2 7r2fc-2 cos2(7rs3) r(A;)2 r(i + S3) r(i - S3) 

2-4.+2 ^-2.+2 r(A; - i + ,3) r(A: - i - S3) r(i + S3) r(i - S3) 

2-2fc-2 



Cr(2)^ 



-^00(5, TTl X 7r2 X TTs). 



This is consistent with the previous case if we set S3 = — | . It would be interesting 
to directly factor the function Zoo(s), for either /c = or S3 = — i, by comparing with 
the previous cases. 



Non- Archimedean 

First consider p \ (IbN. A more illuminating treatment was given in [33], however 
our calculation is elementary and generalizes in an obvious way to the ramified cases. 
Note that the restriction p 7^ 3 is unnecessary. 

nn ■ 

for j = 2, 3, and choos- 



Writing a 
ing /i' = p (a', 1), we compute 





a 




a X 




aaj 


a = 


1 


,9i = 


1 


= 


[ "7" J 



*p(0,7o^) 



I 3 2 2| 



ep{xu{P)) ippi{aP) ipp2{aa2P) v?p3(aa3/5) dp 



Cp(2)3 \a^alal\p / ep(x(/3ii/322 - /5i2/52i)) 

■ Iz,{adf3n) I^a^(aa/?i2) I^2;p(«/^2i) (a/322) df3 
( \d\p := max{l, |a2|p, \a3\p} ) 

Cp{2f \a^alal\p / |aa|p ^ IIaaZp(a;/522) Izp(a/322) c^/322 

I^Ip \dNzS^P2l) Ijvz^(S/?2l) C?/?21 

= Cp(2)'|a3a^a^|p|2;|;2 

( \z\p := max{|aa^|p, ), 

%{s,^o9) = Cpi2)'\a'alal\;-^'\z\;'^-'. 
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It is straightforward to check that for \a\p < 1, 

i-' e,{x) dx ^ {l-\pa~aX). 



I 

Jo, 



Then 



( |aa2p|-^2|Q2|^'2-[aa2P|-'2|a2|'2 \ |„„2|^ tt /^2\ 

1^ Ip|-^2-1p|-% ) I«a2r ^Zp(,aa2j 



|pl--^-|p|-i3 ) laaar ^Zpiaoa 



-2|-2s-l> 



/ ./ .(^)(i-IJ»a^ 

/ |ap|-^i-|ap|-"i \ / |ao2p|-^2 |a2 -|aa2Pr"2 |a2 1'^a \ 

. ( l""3P|-^3^^;3-|aa3p|-^3|.3r3 -^ \a' ajairU^a d-a, d^ 
Now write |a|p = p~'', \aj\p — p~^^ , so 

Zp{s,W^,ip^)=Y, ^ '5(A:,A;2,A;3,min{A;,A; + 2A;2,A; + 2A;3}), 

fc>0 fc2>-| fc3>-| 



. (1 _p('+l)(2s+l)^ ^ p(fc+i)«i-p(fc+i)Si j 

/p(fc+fc2+l)s2-'=2''2_p('=+'=2+l)s2-'=2S2 \ 
^ p^2-pS2 J 

/ p(fe+fc3+l)s3-*:3S3_p(fc+fe3 + l)ji3-fe3S3 \ 
■ P^3-pS3 j ■ 

We can make the sums independent: 

z,(s,wi,v,) ^ E E E 

/i=0,l fe'>0 fe^>0 fe^>0 

,5(2A;' + ii,k2- k', k'^ - k', 2 min{A;', k'^, k'^} + fx) 

= E E E E E E 

r?=0,l Z>0 M=0,1 fc">0 k'^>0 k'l>0 

(-1)'' 5(2(A;" + Z + ?7) + /X, A;^' - k" , k'i - k", 21 + 

After multiplying out the summand as a polynomial and rearranging the exponents 
(as linear combinations of {1, Z, /c", A;2, /C3}), we recognize Zp to be a finite sum of 
products of geometric series. This evaluates to a complicated rational expression, 
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which we factor using Mathematica. It is necessary to impose the constraint on 
central characters, + ^j) = 0) ^-S- by substitution for Si. Then 



Cp{2s + 2) Cp(4s + 2) 



In the cases p \ (IbN^, the difficult ramified zeta integrals were calculated by 
Gross-Kudla [7]. We have quoted their results, taking into account our differing 
normalizations of measures and local data. □ 
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Chapter 4 
Conclusion 



4.1 Triple Product Identities 

Let ipj G Skj{dB,N) be three Hecke-eigen newforms of the same square-free level A^, 
with ki + k2 + = 0, and let Qj denote the corresponding Langlands parameters. 
Define = Ylj ^jv for the eigenvalues ejj; as in §1.4t 

T^i^j = ^jooi^j for kj = 0, 
Tj^^ tpj = —ejpipj for p I (IbN. 

Writing X = O^^^cLb, iV)\^, we have 
Theorem 3. 



X 



( n. Q.) 



jj /■ ' ' (^B^)' n,^*(i,Ad^,) 



1+eo 



2 if ki = k2 = ks = 0, ( ^ «/p I 



2 ^/|A;i| > \k2\ > \ks\>0, [ 1 iIpUbN. 

Proof. Define the corresponding adelic forms on B^, Fj on G^, F'- on if^, and 
the local data (pj G S{Bi^, as in §1.21 §2.21 As Harris-Kudla showed, it follows from 
the see-saw identity, 



;i'0^(^)>p^;=(0Ui)'^>PG.' 

and the Siegel-Weil formula, 0^(1) = |-E(0, h, $), that 

/ e^{F){h')dh' = Z{<d,F,ip). 

JPH'\PH'^ 
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Then by Theorem [H 



and by Theorem [2] and Lemma O 



PGa 



X 



C(2) n.^. L*{\,Qi®Q2®Qz 



dx dy 



Noting that 

voi(x) = 2c*(2) n,|,,(p - 1) np|A^(p + 1), 

it is straightforward to compute the constants. 



□ 



4.2 Applications to Quantum Chaos 



Consider the geodesic flow on a finite volume hyperbolic surface X = T\Sj. This is a 
classical Hamiltonian dynamical system with phase space T*X, the cotangent bundle 
of X, and Hamiltonian H{v*) = |f *P, the Riemannian norm squared. We restrict our 
attention to S*X, the constant energy submanifold of unit cotangent vectors, which 
is invariant under the flow. Under the homeomorphic identification 



S*X - 
{dy)i 



r\PGL+ 
r ' 



the flow map for time t is given explicitly by right multiplication, 



Tt{Tg) = Tg 



The normalized Liouville measure on S*X is ergodic for the geodesic flow and has 
entropy equal to 1. Furthermore, Ornstein- Weiss proved this system is measurably 
isomorphic to a Bernoulli flow. Topologically, the geodesic flow is less simple. There 
are no stable periodic orbits, but since the flow is Anosov, unstable periodic orbits 
form a dense subset. Each of these closed geodesies obviously carries an ergodic 
measure, but there are also ergodic measures with supports having any Hausdorff 
dimension between 1 and 3. 

The standard quantization of the classical geodesic flow has state space L'^{X) 
and Hamiltonian H = —A, a pseudo-differential operator with principal symbol H. 
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For a particle described by the normalized quantum state ip G L^(X), measuring 
its position is equivalent to sampling an X-valued random variable defined by the 
probability distribution 

d^{z) = \i,{z)\'^^ (||^IU^ = 1). 

Similarly, measuring the particle's energy is equivalent to sampling a Spec(i7)-valued 
random variable, defined according to the spectral expansion oi ip. If X is compact, 
then L'^{X) has an orthonormal basis of eigenforms, 

Htpj = Xjipj , = Ao < Ai < A2 < . . . , 
in which case the corresponding spectral measure is simply 

For non-compact X, H also has absolutely continuous spectrum equal to [|,oo). 
All of the corresponding (non-square-integrable) eigenspaces are spanned by unitary 
Eisenstein series and have dimension equal to the number of cusps of X. 

The special arithmetic X we will consider are distinguished by their numerous 
symmetries, giving rise to Hecke operators. Since Ti* is commutative, it represents 
a collection of simultaneously observable quantities. Furthermore, since H G , 
we may assume that the ipj described above are in fact 7i*-eigenforms. As we saw 
in Lemma [Hand the discussion before Lemma [6], Ti* completely decomposes L'^{X) 
with multiplicity 1. (Note that for these X, the residual spectrum consists of {0}, 
i.e. all ipj with j > are cuspidal.) 

Quantum chaos is concerned with the behavior of eigenstates in quantizations of 
classically chaotic systems, particularly under semi-classical/high energy limits [31J. 
An important general result due to Colin-de-Verdiere/Shnirelman/Zelditch is that 

"0 asiV^oo, for all /gC~(X). 

This is called quantum ergodicity, and it is equivalent to the assertion that almost 
all high energy states are nearly equidistributed. The only assumption on X is er- 
godicity of the Liouville measure under geodesic flow, one of the mildest chaotic 
properties ensured by negative curvature. However, quantum ergodicity does not ex- 
clude the possibility that there may be other weak limits of the fij along subsequences, 
a phenomenon known as scarring. Scarring has been observed numerically in some 
related systems, such as the Bunimovich Stadium billiard. In the special cases of 
congruence hyperbolic surfaces (and 3- manifolds), Rudnick-Sarnak ruled out strong 
scarring along closed geodesies [29j, leading them to conjecture that all high energy 
states become equidistributed. This is called quantum unique ergodicity (QUE). In 
[24j . Luo-Sarnak made a quantitative formulation of the QUE conjecture, predicting 
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the rate of equidistribution: For all / G C^{X), 

/ f d^j — / f d^o <C/_e \- "^"^ as Xj oo. 
Jx Jx 

They proved this, in the case X = SL2Z\i3, on average over fij and for the individual 
measures associated to unitary Eisenstein series. We now reduce their quantitative 
conjecture for individual fij to appropriate Lindelof Hypotheses, using triple product 
identities. To quantify the smoothness of /, we use the Sobolev norms 

||/||^,„ = ||(l-A)i/||^, for rem. 

Let L^''"(X) denote the Hilbert space completion of C^{X) under || Wi^.r. 

Theorem 4. Fix X = 0^^\dB)\^ and let the ijjj E L?'{X) he as before, with Langlands 
parameters Qj. Suppose that for some < a < 1 and all > 1, 

gj®'g~0 qe) C'oo(0, Qj ®Tj ® Qe)^"^^ if ds = 1. 
Then forO<r<^ and Xj > \, 

a — r I ^ 

Corollary 1. Under the same hypotheses, set r = Then 

[ fdfi^- [ /ci/xo«.A7'+^||/|U2,.. (4.1) 
Jx Jx 

For a = 1 , these hypotheses are Phragmen-Lindelof convexity bounds, while an 
estimate quite similar to (14. ip follows trivially from the Sobolev inequality. 

Any value a < 1 ('breaking convexity') implies the QUE conjecture. Furthermore, the 
Grand Riemann Hypothesis implies a = 0, a generalization of Lindelof 's Hypothesis, 
and this is best-possible. It follows from our proof that the corresponding exponent 
— I of Xj in (14.11) can't be lowered. Our methods also apply to weight- A; eigenforms iJj, 
giving the same result, although more smoothness is required from /. We will present 
these details later. 

Corollary 2. Under the same hypotheses, set r = 0. Then 

m\L^<^eXj^\ (4.2) 

The exponent j of Xj in (14.21) corresponding to a = 1 is not the best which is 
presently known for general surfaces (^ is proved in [30]), and it is not the best 
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that can be done using Theorem [31 In joint work with Sarnak, we have obtained the 
exponent ^ unconditionally, and we hope to improve this further. 

Another related problem in quantum chaos concerns the amplitude distribution 
of high energy eigenstates. Viewing (X, /io) as a probability space, each ipj becomes 
an M-valued random variable with cumulative distribution function 

/,(t)=/io(^7^(-oo,t]). 

Berry/Hejhal's random wave conjecture asserts that these fj converge in a suitable 
sense to the normal distribution A/'(0, vol(X)~^) as \j oo. It follows from the 
proof of QE that the truth of the random wave conjecture for fourth moments alone 
would imply QUE. Regarding third moments, this conjecture says 

^1(^)^—0 asA,-oo. 

We now prove a stronger form of this (unconditionally) for the full modular group. 
Theorem 5. Fix X = SL2Z\^ and let the ipj G L'^{X) be defined as before. Then 

X 

4.2.1 Proofs 

Lemma 8. (Weyl's Law) Writing Xj = ^ — s'j , Sj = aj + itj, 

i = ^r2 + 0x,e((i + T)i+^), 

0<tj<T 

SO for continuous f of bounded variation on [a, b) C [0, oo), 

E m-"^ ftf{t)dt 

a<tj<b 

(1 + af+V{a)\ + (1 + bf+V{b)\ + [\l + tf+^ \df\{t). 



Proof of Theorem^ Since € L^(X), we can apply Parseval's formula: 

1 ||2 
vol(X) 

3 

+ / {\+t'r\{\n\E\-^,+it 

Jm.+ 

where the integral only appears if ds = 1- First we analyze the individual terms, 
using Theorem [3] and Lemma [61 We may assume Ej'oo = 1, or else the corresponding 



i'>o 

2 dt 
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term vanishes by symmetry, and also Xj > |. Then 

Looi^, Qj X Qj,) = + 2Sj + Sj>) Cr(^ + Sj>f - 2Sj + Sjv) 

Coo(0, X ^ X 0,,) = (1 + \2Sj + Sy\Y (1 + \Sj>\Y (1 + \2Sj - 

Looii Qj^QjX q'') = Cm(| + 2s, + it) Cmil + it)' CkI^ - 2s, + it) 

■ Cm(| + 2sj - it) Cr(| - it)' Cm(| - 2s,- - it), 
Coo(0, f?,- X ^ X f?^) = (1 + \2soo + it\Y (1 + |it|)" (1 + |2soo - it|)'. 

Recall Stirling's approximation: For s = a + it and | arg(s)| < vr — e < vr. 



-s 

5 



r(s) = (l + 0,(|s|-i))(27r)^s^-^e- 
\T{s)\ = (1 + 0,(15^1)) (27r)^ |sr~^ e-'^-*^'^s(^). 



We will write X x F in place of X < F < X. Then 

e-§(|2tj+Vl+2lVl+|2*j-*/l) 



Loo{\, Qj X Qj X Qji) 



C(0, Qj X Qj X Qji) 



3 

1 



L^(L p.xmx p,,) ef (|2t,+Vh2|2t,|+|2t,-Vl) 



2, X Qj X Qj,) ^ 6 2^1-^^^"^ 



Loo(l, Ad^j)'Loo(l, Ad^j/) C{Q,Qj X Qj X Qj,)'4. 



Loo{\) Qj X Qj X Q 



g-f (|2tj+t|+2|t| + |2tj-t|) 
C(0, Qj X'qJ X Q^)^ 



res Loo (-2, Ad^^) x e"''!*! , 

2 = 1 

^oo(|, QjXQ-X Q^) _ e-f (|2t,+th2l2t,| + |2t,-t|) 



Loo(l, Ad^j)'resLoo(2;, Ad^^) C{0,Qj x Qj x q^)1 



Note that 



\a + b\- 2\a\ + \a - b\ = 2max{0, |6| - \a\}. 
Finally, recall the estimate of Hoffstein-Lockhart 

L{l,AdQj,y^ (1 + \tj,\y for all e > 0. 
We divide the discrete spectrum contributions into 

I = {0 < tj, <tj}, 11 = {tj < tj, < 3tj}, III = {itj < tj,}. 
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Then 



(1 + t^.)rnax{a-l,2a-2r}+. ^ tj.)2«-2-+^, 



// «, (1 + t,)^ ^^(1 + V ) e 



^2a-2-2r+e ^-■K{t-,~-2tj) 

Similarly, we divide up the continuous spectrum: 



(1 + tjY-^+' / (1 + t)'*-i-2'-+^ dt 

Jo 

(1 +t^.)max{a-l,2a-2r-l}+. ^ ^^.^)2a-2r+.^ 



3t, /-St 



t j J tj 

/•oo rco 
/ <e (1 + tj)' / (1 + t)2°-2-2'^+^ e-(t-2t,) 

Proof of Theorem O First note that 
Then for \j > 



□ 



To prove the convexity bound for Sym^f)^), we first note that it is entire by the 
work of Kim-Shahidi [T^], and has finite order by the work of Gelbart-Shahidi |5]. 
Furthermore, using the converse theorem of Cogdell-Piatetski-Shapiro [2], Kim- 
Shahidi proved that Sym^f)j is cuspidal on GL4 [20|. Recent results of Molteni [25] 
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then imply 

L(l + it, Sym=^^,) Coo(t, Synr^g^Y, 
L(0 + it, Sym^g^) C^{t, Sym3^j.)5+^, 

and hence by the Phragmen-Lindelof/Hadamard three-circles method, 

Sym^f,,.) C(0, Sym^f,^.)^"-^ « (1 + 1^,1)'+^ 

Now to prove that the third moment tends to zero, we only need subconvexity for 
L{^,gj). The first such estimate was proved conditionally by Iwaniec in [T3|; his 
result is made unconditional at a small cost to the exponent by the same technique 
as in [15]. The current record bound is due to Ivic and subsequently Jutila [131 fT8] : 

L(i,f?,)«, (l + |t,|)H^ 

Therefore 

□ 
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